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1 M ot ion of st ones

1.1 Equat ions of mot ion using Lagrange formalism

We start with the metric for a Kerr black hole in Boyer-Lindquist coordinates:
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Now consider the Principle of stat ionary aging that can be writ ten as follows
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Now the Principle of stat ionary aging can be writ ten as
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t 1

Ldt = 0 (6)

This equat ion is equivalent with a set of two Lagrange equat ions:
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These two equat ions represent the equat ions of mot ion for a stone orbit ing a Kerr
black hole. They are just a bit general. The hardest thing is subst itut ing L into the
equat ions and simplifying. We didnÕt do this with pen and paper. Rather we used
Mathemat ica Ðalgebraic manipulat ion software that did the job for us.

Here are the results:

¬r =
(a2 − 2M r + r 2)(−M + 2aM ú" − a2M ú" 2 + ú" 2r 3)

r 4 −

−
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r 2(a2 − 2M r + r 2)
(8)

What is good is the fact that in the limit ing case of a = 0 equat ions take the same
form as the equat ions for the Schwarzschild black hole.

1.2 Equat ions of mot ion using t he met hod descr ibed in EBH

In this place we will describe our results that we obtained for Kerr black hole using
similar methods to those used in the case of Schwarzschild black hole.

Using the same derivat ion as in the case of Schwarzschild orbits we came to the
following expressions for energy and angular momentum as constants of mot ion:
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Using these two equat ions and the metric, we derived expressions for increments
dr , dt and dt when the wristwatch t ime increases by d! . Here they are:
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As we ment ioned above, these three equat ions are not suitable for Runge-Kut ta
method simulat ion because of the ambiguity caused by ± sign in the expression for
dr / d! . ThatÕs why we tried to derive equat ions (8) that are perfect ly suitable for
Runge-Kut ta method simulat ion.

1.3 E! ect ive pot ent ial(s) for a K er r black hole

Using the Þrst one of equat ions (11) one should derive an expression for E! ect ive
Potent ial. It is reasonable to suppose that the e! ect ive potent ial is not a funct ion
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Figure 1: The expression
+

dr
d!

, 2
in Eq. (12) can be viewed as a quadrat ic funct ion

of the parameter E / m. Depicted is such a funct ion for some values of a, r , M , and
L / m. We solve the inequality in Eq. (12) by Þnding all values of E / m such that the
corresponding parabola points are above the horizontal axis. This gives two intervals
of E / m values expressed in Eq. (13).

of (E / m). Raising this equat ion to the second power and rearranging its terms one
obtains:
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This is a quadrat ic expression in (E / m) (see Fig. 1). Relat ion (12) will be valid if
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Here (E / m)1 is the smaller and (E / m)2 the larger solut ion of the quadrat ic equa-
t ion
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One can thus deÞne TWO e! ect ive potent ials (V/ m)1 = (E / m)1 and (V/ m)2 =

(E / m)2. Solving quadrat ic equat ion (14) one obtains the following expressions:
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Figure 2: E! ect ive potent ials for a Kerr black hole. In this Þgure one can see both
e! ect ive potent ials in the case a = 0.5M and L / m = 15M . The two e! ect ive potent ial
curves join on the left at r -coordinate represent ing the outer horizon of a black hole.

We are quite not sure about one thing however. The above analysis suggests that
the dot represent ing the orbit ing stone in this diagram can be either above the upper
curve or below the lower curve. Does this mean, that the stone can have negat ive
energy? Or is this just a pure mathemat ical coincidence? We not iced that in case
a = 0 (Schwarzschild black hole) both curves are symmetric, with the x axes as an
axes of symmetry. Also, we not iced, that when we reverse the sign in L / m in the case
of a > 0 then the curves change places.

Does that mean that there are two e! ect ive potent ials, one for orbit ing clockwise
and the other for orbit ing counterclockwise?

1.4 I nit ial condit ions for t he simulat ion

ThereÕs yet one thing we need. Suppose we know the init ial energy of a stone, its
init ial angular momentum and its init ial r -coordinate. How do we start the simulat ion
using equat ions (8)? We need the init ial value of úr and ú" . It is not di" cult to derive
these quant it ies from equat ions (11). We obtain:
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The plus sign in equat ion for úr represents outward init ial mot ion and the minus
sign represents the inward init ial mot ion.

So now, when we know the init ial value of energy, angular momentum and r -
coordinate, we can compute the init ial values of úr and ú" using equat ions (16). Then we
set " = 0 and start thesimulat ion using equat ions(8). Thisshould bea straight forward
task to program this to the computer.

2 M ot ion of l ight

We start from equat ions (11). Manipulat ing them, expressing
+

dr
dt

, 2
=

+
dr
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,

then using the subst itut ion b = L / E and set t ing m = 0 we obtain the equat ions of
mot ion for a light part icle
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These equat ions are not suitable for Runge-Kut ta simulat ion (ambiguity caused by
± sign) so we use a di! erent equat ion for change of r -coordinate. (We have applied
the same procedure also in the case of Schwarzschild black hole.) We take the Þrst
derivat ive with respect to t of the square of the Þrst equat ion (17) and then express ¬r .
The result ing formula is quite long, but is not ambiguous any more. Here it is:
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¯

(18)

2.1 E! ect ive pot ent ial for l ight

The e! ect ive potent ial for light can be found analogously to the case of no rotat ing
black hole. We start with the square of the Þrst of equat ions (17) for light :

!
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The right-side expression must be nonnegat ive. Mult iplying the inequality by the
denominator and taking account of thenonnegat ivesign of theÞrst bracket in the nom-
inator

3
a2 + r (r − 2M )

42
it can be easily seen that the previous inequality isequivalent

to this:
r 3 − 4abM + b2(2M − r ) + a2(2M + r ) ≥ 0 (20)

We mult iply this inequality by a posit ive factor (1/ b)2 and rearrange:
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1
b

"
− (r − 2M ) ≥ 0 (21)

The quadrat ic term coe" cient is posit ive. It is not di" cult to solve this quadrat ic
inequality. Solving it , one obtains the following results:
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The right-hand expressions are the TWO EFFECTIVE POTENTIALS for light .

The special case of (22), a = 0 gives the e! ect ive potent ial for light in the case of
Schwarzschild black hole.
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Figure 3: E! ect ive potent ials for LIGHT. In this Þgure one can see both e! ect ive
potent ials in three di! erent cases for value of parameter a. The two e! ect ive potent ial
curves join on the left at r -coordinate represent ing the outer horizon of a black hole.
The two potent ials are in color.
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