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1 Motion of stones

1.1 Equations of motion using Lagrange formalism

We start with the metric for a Kerr black hole in Boyer-Lindquist coordinates:
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Now consider the Principle of stationary aging that can be written as follows
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Now the Principle of stationary aging can be written as
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This equation is equivalent with a set of two Lagrange equations:
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These two equations represent the equations of motion for a stone orbiting a Kerr
black hole. They are just a bit general. The hardest thing is substituting L into the
equations and simplifying. We didn® do this with pen and paper. Rather we used
Mathematica D algebraic manipulation software that did the job for us.

Here are the results:
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What is good isthe fact that in the limiting case of a = 0 equations take the same
form as the equations for the Schwarzschild black hole.

1.2 Equations of motion using the method described in EBH

In this place we will describe our results that we obtained for Kerr black hole using
similar methods to those used in the case of Schwarzschild black hole.
Using the same derivation as in the case of Schwarzschild orbits we came to the

following expressions for energy and angular momentum as constants of motion:
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Using these two equations and the metric, we derived expressions for increments
dr, dt and dt when the wristwatch time increases by d! . Here they are:
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As we mentioned above, these three equations are not suitable for Runge-Kutta
method simulation because of the ambiguity caused by + sign in the expression for
dr/dl. That® why we tried to derive equations (8) that are perfectly suitable for
Runge-Kutta method simulation.

1.3 E!ective potential(s) for a Kerr black hole

Using the brst one of equations (11) one should derive an expression for E! ective
Potential. It is reasonable to suppose that the e! ective potential is not a function
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Figure 1: The expression g—,r % in Eqg. (12) can be viewed as a quadratic function

of the parameter E/ m. Depicted is such a function for some values of a, r, M, and
L/ m. We solve the inequality in Eq. (12) by bnding all values of E/ m such that the
corresponding parabola points are above the horizontal axis. This gives two intervals
of E/m values expressed in Eq. (13).

of (E/m). Raising this equation to the second power and rearranging its terms one

obtains:
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Thisis a quadratic expression in (E/ m) (see Fig. 1). Relation (12) will be valid if
and only if G L

E < E or E > E (13)

m - m m m ,
Here (E/ m), isthe smaller and (E/ m), the larger solution of the quadratic equa-
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One can thus debne TWO €l ective potentials (V/m); = (E/m), and (V/m); =
(E/m),. Solving quadratic equation (14) one obtains the following expressions:
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Figure 2: E! ective potentials for a Kerr black hole. In this bgure one can see both
el ective potentialsin thecasea= 0.5M and L/m = 15M . Thetwo €! ective potential
curvesjoin on the left at r-coordinate representing the outer horizon of a black hole.

We are quite not sure about one thing however. The above analysis suggests that
the dot representing the orbiting stone in this diagram can be either above the upper
curve or below the lower curve. Does this mean, that the stone can have negative
energy? Or is this just a pure mathematical coincidence? We noticed that in case
a = 0 (Schwarzschild black hole) both curves are symmetric, with the x axes as an
axes of symmetry. Also, we noticed, that when we reversethe sign in L/ m in the case
of a> 0 then the curves change places.

Does that mean that there are two €l ective potentials, one for orbiting clockwise
and the other for orbiting counterclockwise?

1.4 Initial conditions for the simulation

There® yet one thing we need. Suppose we know the initial energy of a stone, its
initial angular momentum and itsinitial r-coordinate. How do we start the simulation
using equations (8)? We need the initial value of tiand 'Y It is not di" cult to derive
these quantities from equations (11). We obtain:
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The plus sign in equation for mirepresents outward initial motion and the minus
sign represents the inward initial motion.

So now, when we know the initial value of energy, angular momentum and r-
coordinate, we can compute theinitial values of tiand "Yusing equations (16). Then we
set " = Oand start thesimulation using equations(8). T hisshould be a straightforward
task to program this to the computer.

2 Motion of light
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We star_t from equat!ons_ (11). Manipulating t_hem, expressing g = g G o
then using the substitution b= L/E and setting m = 0 we obtain the equations of
motion for a light particle
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These equations are not suitable for Runge-Kutta simulation (ambiguity caused by
+ sign) so we use a di! erent equation for change of r-coordinate. (We have applied
the same procedure also in the case of Schwarzschild black hole) We take the brst
derivative with respect tot of the square of the brst equation (17) and then express r
The resulting formula is quite long, but is not ambiguous any more. Hereit is:
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2.1 E!ective potential for light

The €l ective potential for light can be found analogously to the case of no rotating
black hole. We start with the square of the brst of equations (17) for light:
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The right-side expression must be nonnegative. Multiplying the inequality by the
denomipator and takinglzaccount of the nonnegative sign of the brst bracket in the nom-
inator a®+ r(r —2M) “ it can beeasily seen that the previous inequality is equivalent

to this:
r3—4abM + BP(2M —r) + a?(2M +r) >0 (20)

We multiply this inequality by a positive factor (1/ b)? and rearrange:

2

' 1 3 2 34 ' 1
b a‘(r+2M)+r° —4aM b —(r—-2M)>0 (22)
The quadratic term coe" cient is positive. It isnot di" cult to solve this quadratic
inequality. Solving it, one obtains the following results:
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The right-hand expressions are the TWO EFFECTIVE POTENTIALS for light.
The special case of (22), a = 0 givesthe e! ective potential for light in the case of
Schwarzschild black hole.
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Figure 3: E! ective potentials for LIGHT. In this bgure one can see both e! ective
potentialsin three di! erent cases for value of parameter a. The two e! ective potential
curves join on the left at r-coordinate representing the outer horizon of a black hole.
The two potentials are in color.



